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REPRESENTATION OF THE G-DRAZIN INVERSE
IN A BANACH ALGEBRA
HUANYIN CHEN AND MARJAN SHEIBANI ABDOLYOUSEFI
Abstract. Let A be a complex Banach algebra. An element
a ∈ A has g-Drazin inverse if there exists b ∈ A such that
b = bab, ab = ba, a− a2b ∈ Aqnil.
Let a, b ∈ A have g-Drazin inverses. If
ab = λapibpibabpi,
we prove that a+ b has g-Drazin inverse and
(a+b)d = bpiad+bdapi+
∞∑
n=0
(bd)n+1anapi+
∞∑
n=0
bpi(a+b)nb(ad)n+2.
The main results of Mosic (Bull. Malays. Sci. Soc., 40(2017),
1465–1478) is thereby extended to the general case. Applica-
tions to block operator matrices are given.
1. Introduction
Throughout the paper, A is a complex Banach algebra with an
identity and λ always stands for a nonzero complex number. The
commutant of a ∈ A is defined by comm(a) = {x ∈ A | xa = ax}.
An element a in A has g-Drazin inverse provided that there exists
b ∈ comm(a) such that b = bab and a− a2b ∈ Aqnil. Here, Aqnil is
the set of all quasinilpotents in A, i.e.,
Aqnil = {a ∈ A | 1 + ax ∈ U(A) for every x ∈ comm(a)}.
For a Banach algebra A it is well known that
a ∈ Aqnil ⇔ lim
n→∞
‖ an ‖
1
n= 0⇔ 1 + λa ∈ A−1 for any λ ∈ C.
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Here, A−1 stands for the set of all invertible elements in A. We
always use Ad to denote the set of all g-Drazin invertible elements
in A. It was proved that a ∈ Ad if and only if there exists an
idempotent p ∈ comm(a) such that a + p ∈ A−1 and ap ∈ Aqnil
(see [9, Theorem 4.2]).
The g-Drazin invertiblity of the sum of two elements has a rich
history. It was extensively studied in matrix and operator theory
by many authors, e.g., [1, 2, 5, 7, 8, 10, 11, 12] and [13]. In this
paper we study this topic under the weaker conditions and extend
the main results of [11].
Let a, b ∈ Ad and
ab = λapibpibabpi.
In Section 2, we prove that a+b has generalized Drazin inverse and
the explicit formula for (a+ b)d is obtained. This extend the result
of [11, Theorem 2.2].
Let x ∈ A, and let p2 = p ∈ A. Then we have Pierce matrix
decomposition x = pxp + px(1 − p) + (1 − p)xp + (1 − p)x(1 − p).
Set a = pxp, b = px(1 − p), c = (1 − p)xp, d = (1 − p)x(1 − p).
We use the following matrix version to express the Pierce matrix
decomposition of x about the idempotent p:
x =
(
a b
c d
)
p
.
In Section 3, we characterize the generalized Drazin inverse of an
element based on its pierce decomposition. These extend the result
of [11, Theorem 3.1] to more general setting.
If a ∈ A has g-Drazin inverse ad. The element api = 1 − aad
is called the spectral idempotent of a. In the last section we then
apply our main results to characterize the generalized Drazin in-
verse of block operator matrices under various spectral idempotent
conditions.
2. Additive results
The purpose of this section is to investigate the g-Drazin invert-
ibility of the sum of two elements in a Banach algebra. We start
by
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Lemma 2.1. Let
x =
(
a 0
c b
)
p
or
(
b c
0 a
)
p
Then
xd =
(
ad 0
z bd
)
p
, or
(
bd z
0 ad
)
p
,
where
z = (bd)2
( ∞∑
i=0
(bd)icai
)
api + bpi
( ∞∑
i=0
bic(ad)i
)
(ad)2 − bdcad.
Proof. See [4, Theorem 2.1]. 
Lemma 2.2. Let A be a Banach algebra, and let a, b ∈ Aqnil. If
ab = λba, then a+ b ∈ Aqnil.
Proof. See [3, Lemma 2.1] and [8, Lemma 2.1]. 
Lemma 2.3. Let A be a Banach algebra, and let a ∈ Aqnil, b ∈ Ad.
If
ab = λbpibabpi,
then a + b ∈ Ad and
(a+ b)d =
∞∑
n=0
(bd)n+1an.
Proof. Let p = bbd. Then we have
b =
(
b1 0
0 b2
)
p
, a =
(
a1 a2
a3 a4
)
p
.
Moreover,
bd =
(
b−11 0
0 0
)
p
and bpi =
(
0 0
0 1− bbd
)
p
.
By hypothesis, we have(
a1b1 a2b2
a3b1 a4b2
)
p
= ab = λbpibabpi =
(
0 0
0 λb2a4
)
p
.
Then we get a1b1 = 0 and a3b1 = 0. It follows that a1 = 0 and
a3 = 0. We easily see that b2 = b − b
2bd ∈ ((1 − p)A(1 − p))qnil.
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By hypothesis, abbd = 0, and so a(1 − bbd) = a ∈ Aqnil. By using
Cline’s formula, we see that (1 − bbd)a(1 − bbd) ∈ Aqnil. Hence,
a4 ∈ ((1− p)A(1− p))
qnil. Since a4b2 = λb2a4, it follows by Lemma
2.2 that a4 + b2 ∈ ((1− p)A(1− p))
qnil, and so (a4 + b2)
d = 0.
Then
a+ b =
(
b1 a2
0 a4 + b2
)
p
.
In light of Lemma 2.1, we have
(a+ b)d =
(
b1 a2
0 a4 + b2
)d
=
(
b−11 z
0 0
)
p
,
where z =
∞∑
n=0
b
−(n+2)
1 a2a
n
4 =
∞∑
n=0
(bd)n+2an+1bpi. Therefore
(a+ b)d = bd +
∞∑
n=0
(bd)n+2an+1 =
∞∑
n=0
(bd)n+1an,
as asserted. 
We are now ready to prove the following.
Theorem 2.4. Let A be a Banach algebra, and let a, b ∈ Ad. If
ab = λapibpibabpi,
then a+ b ∈ Ad and
(a + b)d = bpiad + bdapi +
∞∑
n=1
(bd)n+1anapi +
∞∑
n=0
bpi(a+ b)nb(ad)n+2.
Proof. Let p = aad. Then we have
a =
(
a1 0
0 a2
)
p
, b =
(
b11 b12
b1 b2
)
p
.
Since ab = λapibpibabpi, we see that adb = (ad)2ab = λ(ad)2apibpibabpi =
0; hence, b11 = b12 = 0. Thus we get
a =
(
a1 0
0 a2
)
p
, b =
(
0 0
b1 b2
)
p
.
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Moreover, a2 = (1 − p)a(1 − p) = a − a
2ad ∈ Aqnil. In light of
Cline’s formula, b2 = a
pibapi ∈ Ad, and so b2 ∈ ((1 − p)A(1 − p))
d.
By hypothesis, we have(
0 0
a2b1 a2b2
)
= ab = λapibpibabpi
= λ
(
0 0
bpi2 b1a1 − b
pi
2b2a2b
d
2b1 b
pi
2b2a2b
pi
2
)
,
and so
a2b2 = λb
pi
2 b2a2b
pi
2 .
In view of Lemma 2.3,
(a2 + b2)
d =
∞∑
n=0
(bd2)
n+1an2 .
By virtue of Lemma 2.1, we have
(a+ b)d =
(
ad1 0
z (a2 + b2)
d
)
=
(
ad 0
z (a2 + b2)
d
)
,
where
z =
∞∑
i=0
(a2 + b2)
pi(a2 + b2)
ib1(a
d)i+2 − (a2 + b2)
db1a
d.
Moreover, we have a2b
d
2 = (a2b2)(b
d
2)
2 = (λbpi2 b2a2b
pi
2 )(b
d
2)
2 = 0, and
then
(a2 + b2)
pi = (1− p)− b2
∞∑
n=0
(bd2)
n+1an2
= bpi2 −
∞∑
n=0
(bd2)
n+1an+12 .
Since a2b1 = λ(b
pi
2 b1a1 − b
pi
2b2a2b
d
2b1) = λb
pi
2b1a1, we see that
bd2a2b1 = b
d
2(λb
pi
2 b1a1) = 0, and so
bd2a
2
2b1 = (b
d
2a2) = (b
d
2a2)(λb
pi
2 b1a1) = λ(b
d
2a2)
(
1− b2b
d
2)b1a1
)
= 0.
By induction, we have bd2a
n
2 b1 = 0(n ≥ 1). Likewise, we have
bd2a
n
2b2 = 0(n ≥ 1). Therefore
(bd2)
k+1ak+12 (a2 + b2)
nb1 = 0(k, n ≥ 0).
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This shows that
z =
∞∑
i=0
(
bpi2 −
∞∑
k=0
(bd2)
k+1ak+12
)
(a2 + b2)
ib1(a
d)i+2 − (a2 + b2)
db1a
d
=
∞∑
i=0
bpi2 (a2 + b2)
ib1(a
d)i+2 −
∞∑
i=0
∞∑
k=0
(bd2)
k+1ak+12 (a2 + b2)
ib1(a
d)i+2
− bd2b1a
d −
∞∑
n=1
(bd2)
n+1an2b1a
d
=
∞∑
i=0
bpi2 (a2 + b2)
ib1(a
d)i+2 − bd2b1a
d.
Since adb = 0, we check that(
ad 0
−bd2b1a
d 0
)
= bpiad,(
0 0
bpi2 (a2 + b2)
ib1(a
d)i+2 0
)
= bdapi +
∞∑
i=0
(bd)i+1aiapi.
Moreover, we have(
0 0
0 (bd2)
i+1ai2
)
= (bd)i+1aiapi.
Therefore
(a + b)d = bpiad + bdapi +
∞∑
n=1
(bd)n+1anapi +
∞∑
n=0
bpi(a+ b)nb(ad)n+2,
as asserted. 
3. Pierce matrix decomposition
Every element in a Banach algebra can be represented by a Pierce
form. It is attractive to investigate the g-Drazin inverse of an el-
ement is a Pierce form. Let x ∈ A given by the Pierce form
x =
(
a b
c d
)
p
for an idempotent p ∈ A. We now extend the
result of [11, Theorem 3.1] to the following.
Theorem 3.1. If
apibc = 0, apibd = λab and cb+ λ2
∞∑
n=1
(dd)ncanb = 0,
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then x ∈ Ad and
xd =
(
ad 0
u dd
)
+
∞∑
n=0
xn

 in −
n∑
k=1
b(dd)k+1c(ad)n+2−k b(dd)n+2
0 0

 ,
where
u =
∞∑
n=0
(dd)n+2canapi +
∞∑
n=0
dpidnc(ad)n+2 − ddcad,
in =
∞∑
k=0
bdpidkc(ad)n+k+3 − bddc(ad)n+2
+
∞∑
k=0
b(dd)n+k+3cakapi − b(dd)n+2cad
for n ≥ 0.
Proof. Clearly, we have x = y + z, where
y =
(
a 0
c d
)
, z =
(
0 b
0 0
)
.
Then
yd =
(
ad 0
u dd
)
, zd =
(
0 0
0 0
)
,
where
u =
∞∑
n=0
(dd)n+2canapi +
∞∑
n=0
dpidnc(ad)n+2 − ddcad.
Hence,
ypi =
(
api 0
−cad − du dpi
)
, zpi = I2.
This shows that
yz =
(
0 ab
0 cb
)
, ypizpizyzpi =
(
apibc apibd
(−cad − du)bc (−cad − du)bd
)
.
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Since apibd = λab, we have adb = (ad)2(ab) = λ−1(ad)2apibd = 0.
Hence, bc = apibc = 0 and
cb+λdubd = cb+λ
∞∑
n=0
(dd)n+1canbd = cb+λ2
∞∑
n=0
(dd)n+1can+1b = 0.
Then we compute that
apibc = 0;
(−cad − du)bc = 0;
λapibd = ab;
λ(−cad − du)bd = cb.
Therefore we have yz = λypizpizyzpi. In light of Theorem 2.4, we
derive
xd = yd +
∞∑
n=0
xnz(yd)n+2
=
(
ad 0
u dd
)
+
∞∑
n=0
xn
(
0 b
0 0
)(
ad 0
u dd
)n+2
,
as required. 
Corollary 3.2. If
dpicb = 0, dpica = λdc and bc + λ2
∞∑
n=1
(ad)nbdnc = 0,
then x ∈ Ad and
xd =
(
ad u
0 dd
)
+
∞∑
n=0
xn

 0 0
c(ad)n+2 in −
n∑
k=1
c(ad)k+1b(dd)n+2−k

 ,
where
u =
∞∑
n=0
(ad)n+2bdndpi +
∞∑
n=0
apianb(dd)n+2 − adbdd,
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in =
∞∑
k=0
capiakb(dd)n+k+3 − cadb(dd)n+2
+
∞∑
k=0
c(ad)n+k+3bdkdpi − c(ad)n+2bdd
for n ≥ 0.
Proof. We easily see that
x =
(
a b
c d
)
p
=
(
0 1
1 0
)(
d c
b a
)
1−p
(
0 1
1 0
)
.
Applying Theorem 3.1 to
(
d c
b a
)
1−p
, we see that it has g-Drazin
inverse and(
d c
b a
)d
=
(
dd 0
u ad
)
+
∞∑
n=0
xn

 in −
n∑
k=1
c(ad)k+1b(dd)n+2−k c(ad)n+2
0 0

 ,
where
u =
∞∑
n=0
(ad)n+2bdndpi +
∞∑
n=0
apianb(dd)n+2 − adbdd,
in =
∞∑
k=0
capiakb(dd)n+k+3 − cadb(dd)n+2
+
∞∑
k=0
c(ad)n+k+3bdkdpi − c(ad)n+2bdd
for n ≥ 0. Therefore
xd =
(
0 1
1 0
)(
d c
b a
)d(
0 1
1 0
)
=
(
ad u
0 dd
)
+
∞∑
n=0
xn

 0 0
c(ad)n+2 in −
n∑
k=1
c(ad)k+1b(dd)n+2−k

 ,
as required. 
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We next generalize [11, Theorem 3.2] to the following.
Theorem 3.3. If
apiabdpi = λbd, dpicb = (cad + du)ab and
∞∑
n=0
bdnc(ad)n = 0,
then x ∈ Ad and
xd =
(
ad (ad)2b
u dd + i
)
,
where
i =
∞∑
n=0
dpidnc(ad)n+3b− ddc(ad)2b+
∞∑
n=0
(dd)n+3canapib− (dd)2cadb.
Proof. Write x = y + z as in Theorem 3.1. Then
zy =
(
bc bd
0 0
)
, zpiypiyzypi =
(
apiab(−cad − du) apiabdpi
t(−cad − du) tdpi
)
,
where t = (−cad − du)ab + dpicb. Since apiabdpi = λbd, we have
bdd = 0, and so apiab = λbd. By hypothesis, t = 0. Moreover, we
have
λ−1apiab(−cad − du) = −bdcad − bd2u
= −bdcad −
∞∑
n=0
bdn+2c(ad)n+2
= bc.
Hance, we compute that
t(−cad − du) = 0;
tdpi = 0;
λ−1apiab(−cad − du) = bc;
λ−1apiabdpi = bd.
Therefore we have zy = λ−1zpiypiyzypi. In light of Theorem 2.4,, we
derive
xd = yd + (yd)2z
=
(
ad (ad)2b
u dd + uadb+ ddub
)
,
as desired. 
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As an immediate consequence of Theorem 3.3, we now derive
Corollary 3.4. If
dpidcapi = λca, apibc = (bdd + au)dc and
∞∑
n=0
canb(dd)n = 0,
then x ∈ Ad and
xd =
(
ad + i u
(dd)2c dd
)
,
where
i =
∞∑
n=0
apianb(dd)n+3c− adb(dd)2c+
∞∑
n=0
(ad)n+3bdndpic− (ad)2bddc.
Proof. As in the proof of Corollary 3.2, we complete the proof by
applying Theorem 3.3, to
(
d c
b a
)
. 
Example 3.5. Let A = M3(C), p =
(
I3 03×3
03×3 03×3
)
∈ M6(C),
and let x =
(
a b
c d
)
p
∈M6(C). Then
apibc = 0, apibd = λab and
∞∑
n=0
(dd)ncanb = 0,
while
apibc = 0, apibd 6= ab and
∞∑
n=0
(dd)ncanb = 0.
In this case, xd = 0.
Proof. Let M =
(
A B
C D
)
, where
A = D =

 0 1 00 0 1
0 0 0

 , B =

 0 2 00 0 1
0 0 0

 and C =

 0 0 10 0 0
0 0 0

 .
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Let p =
(
I3 03×3
03×3 03×3
)
, a = pMp, b = pM(I3 − p), c = (I3 −
p)Mp and d = (I3 − p)M(I3 − p). It is easy to see that a =(
A 0
0 0
)
, b =
(
0 B
0 0
)
and c =
(
0 0
C 0
)
, d =
(
0 0
0 D
)
. As
a, d are nilpotent, we have ad = dd = 0. Also it is easy to see that
bc = cb = 0 and bd = 2ab. Then
apibc = 0, apibd = 2ab and
∞∑
n=0
(dd)ncanb = 0,
while
apibc = 0, apibd 6= ab and
∞∑
n=0
(dd)ncanb = 0.
Hence by Theorem 3.1, xd = 0. 
4. Block operator matrices
In this section, we shall apply our main results to block operator
matrices over a Banach algebra A. We have
Theorem 4.1. Let M =
(
A B
C D
)
∈ M2(A), A and D have g-
Drazin inverses. If BC = 0, AB = λApiBD and DC = λDpiCA,
then M ∈M2(A)
d and
Md =
(
Ad B(Dd)2
C(Ad)2 Dd
)
+
∞∑
n=1
Mn
(
0 B(Dd)n+2
C(Ad)n+2 0
)
.
Proof. Clearly, we have M = P +Q, where
P =
(
A 0
0 D
)
, Q =
(
0 B
C 0
)
.
Then we have
P d =
(
Ad 0
0 Dd
)
, Q3 = 0, Qd = 0,
P pi =
(
Api 0
0 Dpi
)
, Qpi = I2.
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By the computation, we have
PQ =
(
0 AB
DC 0
)
,
QP =
(
0 BD
CA 0
)
.
Hence we have
P piQpiQPQpi =
(
0 AApiBDpi
DpiDC 0
)
.
By hypothesis, we have PQ = λP piQpiQPQpi. In light of Theorem
2.4, we have
Md = P d +
∞∑
n=0
MnQ(P d)n+2
=
(
Ad 0
0 Dd
)
+
∞∑
n=0
Mn
(
0 B(Dd)n+2
C(Ad)n+2 0
)
,
as required. 
Corollary 4.2. Let M =
(
A B
C D
)
∈ M2(A), A and D have
g-Drazin inverses. If CB = 0, AB = λApiBD and DC = λDpiCA,
then M ∈M2(A)
d and
Md =
(
Ad B(Dd)2
C(Ad)2 Dd
)
+
∞∑
n=1
Mn
(
0 B(Dd)n+2
C(Ad)n+2 0
)
.
Proof. It is easy to verify that(
A B
C D
)
=
(
0 I
I 0
)(
D C
B A
)(
0 I
I 0
)
.
Applying Theorem 4.1 to the matrix
(
D C
B A
)
, we obtain the
result. 
It is convenient at this stage to include the following theorem.
Theorem 4.3. Let M =
(
A B
C D
)
∈ M2(A), A and D have g-
Drazin inverses. If BC = 0, BD = λApiABDpi and CA = λDpiDCApi,
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then M ∈M2(A)
d and
Md =
(
2Ad (Ad)2B
(Dd)2C 2Dd + (Dd)3CB
)
.
Proof. Construct P and Q as in Theorem 4.1, we have
QpiP piPQP pi =
(
0 ApiABDpi
DpiDCApi D
)
.
By hypothesis, we have
QP = λQpiP piPQP pi.
According to Theorem 2.4, we have
Md = P d +
∞∑
n=0
(P d)n+1Qn
=
(
2Ad (Ad)2B
(Dd)2C 2Dd + (Dd)3CB
)
,
as required. 
Corollary 4.4. Let M =
(
A B
C D
)
∈ M2(A), A and D have g-
Drazin inverses. If CB = 0, BD = λApiABDpi and CA = λDpiDCApi,
then M ∈M2(A)
d and
Md =
(
2Ad + (Ad)3BC (Ad)2B
(Dd)2C 2Dd
)
.
Proof. Applying Theorem 4.3, to the matrix
(
D C
B A
)
, we com-
plete the proof as in Theorem 4.3. 
Finally, we give a numerical example to illustrate Theorem 4.3.
Example 4.5. Let M =
(
A B
C D
)
∈M4(C), where
A =

 0 1 00 0 −1
0 0 1

 , B =

 0 2 00 0 1
0 0 0

 ,
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C =

 0 1 10 0 0
0 0 0

 , D =

 0 i 00 0 i
0 0 0

 .
Then BC = 0, BD = 2iApiABDpi and CA = 2iDpiDCApi, and
Md =


0 0 −2 0 0 0
0 0 −2 0 0 0
0 0 2 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


.
In this case, BD 6= ApiABDpi.
Proof. As D3 = B3 = C2 = 0, these are nilpotent matrices and so
Bd = Cd = Dd =

 0 0 00 0 0
0 0 0

. Then Bpi = Cpi = Dpi = I3. By
direct computation, we get
Ad =

 0 0 −10 0 −1
0 0 1

 , Api =

 1 0 10 1 1
0 0 0

 .
Also it is easy to see that
BD =

 0 0 2i0 0 0
0 0 0

 = 2i

 0 0 10 0 0
0 0 0

 = 2iApiABDpi,
BC = 0, while BD 6= ApiABDpi. Moreover, CA = 0 = 2iDpiDCApi.
Therefore by Theorem 4.3,
Md =
(
2Ad (Ad)2B
(Dd)2C 2Dd + (Dd)3CB
)
=


0 0 −2 0 0 0
0 0 −2 0 0 0
0 0 2 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


.

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